Abstract-We present here the concept of three-arm current comparator impedance bridge, which allows one to perform comparisons among three unlike impedances. Its purpose is the calibration of impedances having arbitrary phase angles against calibrated nearly pure impedances. An analysis of the bridge optimal setting and proper operation is presented. To test the concept, a two-terminal-pair digitally assisted bridge has been realized; preliminary measurements of an air-core inductor and of an RC network versus decadic resistance and capacitance standards, at kilohertz frequency, have been performed. The bridge measurements are compatible with previous knowledge of the standard values with relative deviations of parts in 10 −5 .
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I. INTRODUCTION
T RANSFORMER ratio bridges are the workhorses of primary impedance metrology [1] , [2] ; in this kind of bridges, an impedance ratio is compared with a voltage or a current ratio standard [3] - [5] .
The most accurate current ratio bridges are based on the current comparator (CC) principle (see [5] and the references therein). In a CC, a ferromagnetic core defines a closed flux path of high permeability, and the currents to be compared flow through windings linked to the core. The resulting magnetomotive force generates a magnetic flux in the core: in the ac regime, the flux is sensed by a suitable detection winding, whereas in dc, it can be sensed with fluxgate techniques [6] , [7] . Under null flux condition, the input currents are related by a balance equation; in the case of two currents, the current ratio coincides with the reciprocal of the winding turns ratio to a very good approximation. In a CC impedance bridge, the currents being compared by the CC are generated by the impedances under comparison when excited by the same voltage. Typical CC bridges have two main arms and are employed for comparing, like 1 impedances. CC impedance bridges find major applications in high-voltage 2 [8] , [9] and high-current [10] , [11] impedance ratio measurements, typically performed at mains frequency.
We discuss in this paper the concept of a three-arm CC impedance bridge, where three unlike impedances are involved in the measurement. The measurement outcome gives a relation between the complex values of the three impedances. The aim of the three-arm CC bridge is the calibration of impedances having arbitrary phase angles, with traceability to pure 3 impedances, as are the resistance and capacitance scales maintained in national metrology institutes and calibration centers.
The three-arm CC bridge was briefly introduced in [12] . Section II describes the principle of operation and an example of how the bridge operating points are distributed in the complex plane. Section III describes an implementation of the three-arm bridge for the comparison of standards defined as two-terminal-pair impedances. Section IV reports the preliminary measurements performed with this implementation.
II. THREE-ARM CURRENT COMPARATOR BRIDGE

A. Principle
The schematic illustrating the principle of operation of the three-arm CC bridge is shown in Fig. 1 . The bridge comprises three main arms, numbered 1, 2, and 3, and an injection arm 0, which are employed to balance the bridge. Bridge equilibrium is sensed by the detector D.
k ) that, when excited, is crossed by the current I k . The current I k flows in the n k tap (chosen from an available tap set T) of the primary windings of CC. The arms 1, 2, and 3 are excited with the same fixed voltage E, whereas the injection arm 0 is excited with a voltage E 0 , adjustable both in magnitude and phase.
The bridge equilibrium is achieved when the sum of all magnetomotive forces M k generated by the currents I k in the Fig. 1 . Three-arm CC. The voltage source E feeds the admittances Y k , k = 1, 2, 3, which deliver currents I k to taps n k of the main winding. The sign of n k can be positive or negative depending on the winding direction chosen; the dots mark the winding directions. In the figure, n 0 , n 1 , n 2 > 0 and n 3 < 0. The injection current I 0 , generated by the voltage E 0 and the admittance Y 0 , flows through the injection winding having n 0 turns. The bridge equilibrium is sensed by the detector D connected to the detection winding.
comparator core is nulled, that is, when
Assuming that Y 1 and Y 2 are the calibrated standards, and that Y 3 is the admittance under measurement, (1) can be rewritten as the measurement model
The injection M 0 should be small with respect to the main magnetomotive forces M k , k = 1, 2, 3, and the best accuracy is achieved for null injection, E 0 = 0. Given Y 1 and Y 2 , this null condition identifies the nominal working points of the bridge as a function of n 1 , n 2 , and n 3 , that is, for fixed Y 1 and Y 2 , the null condition with null injection determines a set Y = {Y
] −1 } of nominal impedances, for n 1 , n 2 , and n 3 belonging to T.
B. Example
As an example, let us consider the following setup. 1) CC having a set of available taps T = {−100, −90, . . . , 90, 100}. The total number of available (n 1 , n 2 , n 3 ) tap combinations is 21 3 = 9261; however, the number of distinct available bridge working points is 3216. 2) Z 1 is a pure resistor, R 1 = 10 k . 3) Z 2 a pure capacitor, C 2 = 10 nF. 4) The comparison is performed at the frequency f = 1592 Hz. Fig. 2 shows the loci, in the complex plane, of the sets Y and Z corresponding to the above given setup. The particular shape of the Z locus [ Fig. 2(b) ] can be understood by considering that the inversion Z = 1/Y is a special case of the Möbius transformation, which maps generalized circles (i.e., including straight lines) to generalized circles.
For given Y 0 , . . . , Y 3 , the triplet (n 1 , n 2 , n 3 ) should be chosen to maximize the detection sensitivity and to minimize the injection M 0 with respect to the other magnetomotive forces involved. A possible criterion is to minimize the absolute value of the quantity m 0 = M 0 / M , where M is the (quadratic) norm of the magnetization Given Z 1 and Z 2 , (3) can be used to define a metric on the complex plane. This metric induces a corresponding Voronoi tessellation [13] with convex Voronoi cells. A small portion of such tessellation is shown in Fig. 3 , which, for each complex Z 3 , also gives the corresponding magnitude of m 0 , expressed as a grayscale.
III. TEST BRIDGE IMPLEMENTATION DIGITALLY ASSISTED
A. Impedance Definition
The same schematic of Fig. 1 can be implemented for different impedance definitions. The test implementation presented here follows the two-terminal-pair definition [2, Ch. 2], which achieves high accuracy for mid-and high-value impedances (|Z | ≥ 1 k ).
The four terminal-pair definition of the standards requires a more complex circuitry. A general approach suitable for a digitally assisted implementation is discussed in [2, Sec. 4.6.4.2]. This approach has been applied to a two-arm CC bridge [14] and to a voltage ratio bridge [15] , and can also be applied to the bridge topology described in this paper.
B. Bridge
The implementation of the three-arm CC bridge presented here is derived from that of a two-arm digitally assisted CC bridge [14] , which showed good results in the comparison of like impedances.
Digitally assisted bridges [16] - [21] are based on the generation of sine wave signals with digital synthesized sources. This approach permits to simplify the bridge topology and achieve automated operation. Since the accuracy of a digitally assisted bridge is granted, like in traditional bridges, by the electromagnetic ratio devices involved, Fig. 4 . Coaxial schematic of the three-arm CC bridge. All impedances are defined as two terminal-pair standards. As in Fig. 1 , n 0 , n 1 , n 2 > 0 and n 3 < 0.
the measurement accuracy is not sacrificed: measurement uncertainties in the 10 −8 level were demonstrated [21] .
The coaxial circuit diagram of the bridge is shown in Fig. 4 , and a photograph in Fig. 5 .
The electromagnetic CC and the polyphase synthesized generator employed in the implementation are described in detail in [20] and [21] . The detector employed is a commercial Stanford Research mod. 830 lock-in amplifier. The bridge equilibrium is achieved by adjusting the voltage E 0 with a simple automated control strategy [22] .
IV. PRELIMINARY MEASUREMENTS
We report here a few preliminary measurements that were carried out to test the bridge functionality and to obtain a rough bound on the achievable accuracy.
A. Standards Under Comparison
Measurements were performed by selecting nearly pure impedances, a resistor, and a capacitor, for Y 1 and Y 2 , and impure standards for Y 3 . Table I shows a summary of the standards employed. All impedance magnitudes are in the (10-100) k range at kilohertz frequencies to allow accurate measurements with a two-terminal-pair definition.
Standards were independently calibrated with other measurement systems. Y 1 and Y 2 were calibrated by comparison with the maintained national ac resistance and capacitance scales. For Y 3 , the following conditions hold. Y is an air-core inductor calibrated with the three-voltage method [24] against a 100 k standard resistor.
is a parallel RC network composed of commercial components encased in a shielded box. This network was calibrated with a commercial bridge (Andeen-Hagerling mod. 2700 A), which allows the measurement of capacitors with dissipation factor greater than one [25] . The calibration standard uncertainty was calculated from the manufacturer's specifications. 
B. Bridge Settings
Measurements were carried out at two frequencies, 1 and 2 kHz. For each measurement, Table II shows the CC tap settings n 0 , . . . , n 3 , chosen in accordance with the algorithm described in Section II. 5 Tap settings can depend significantly 4 All uncertainties reported in the text and tables are 1-σ standard uncertainties. 5 As an example, let us check the turns ratios settings for Y Table II.   TABLE II  CC TAP SETTINGS on the secondary parameters (i.e., resistor time constants or capacitor dissipation factors) of all the impedances connected to the bridge.
C. Results
For each Y 3 , Table III parts of y are compatible with the corresponding calibration standard uncertainties for all the measurements performed, 6 within an interval of confidence corresponding to a coverage factor of 2.
D. Discussion
The expression of uncertainty of the bridge measurements, which has to be evaluated in the framework of GUM Supplement 2 [26] , has not been carried out yet and will be the subject of future work. Major sources of uncertainty are as follows.
1) CC Current Ratios: Because of CC nonidealities, the current ratios are not exactly equal to the corresponding turns ratios. The deviations are expected to be of the order of 10 −6 or lower [14] . Current ratios can be calibrated with a dedicated experiment [1] , [2] . 2) Uncertainty of the Ratio E 0 /E: This ratio is computed from the nominal settings of the two channels of the polyphase synthesizer. Since the voltage waveforms E 0 and E are synthesized by two digital-to-analog converters from a common voltage reference, the uncertainty of E 0 /E mainly depends on the converter accuracy and nonlinearity. For the synthesizer employed in this paper, the uncertainty of E 0 /E is of parts in 10 4 [21] . Lower uncertainties can be achieved with a custom synthesizer [27] . 3) Imperfect impedance definition due to nonzero voltages at the low terminal pairs caused by CC winding resistances and dispersion inductances. A common mode voltage at the low terminal pairs causes a systematic error in the ratio E 0 /E; different voltages are a direct source of error. Preliminary measurements yielded typical voltages in the (10-100) µV range, depending on the impedance level. 4) Values of the reference standards Y 0 , Y 1 , and Y 2 that appear in (2). 5) Imperfect Bridge Balance: The magnitude of the detector voltage at equilibrium is typically less than 1 µV.
V. CONCLUSION
This paper describes the operating principle of a three-arm CC bridge suitable for measuring impedances having arbitrary phase angles. An implementation of the principle has been developed in the form of a digitally assisted two-terminal pair coaxial bridge; test measurements on an air-core inductor and of an RC network yielded results compatible with previous knowledge on the values of standards involved.
The verification of the bridge performance is presently limited by the lack of adequate independent measurement methods for impure impedances available in our laboratory. However, this paper is a part of an international project (see footnote on p.1 of the manuscript, left) that includes, among its future deliverables, the realization of independent measurement setups and an international intercomparison (planned for 2016) with the circulation of dedicated travelling standards. The outcome of this comparison will provide the final assessment of the bridge performance.
